The Harper-Hofstadter model provides a fractal spectrum containing topological bands of any integer Chern number, C. We study the many-body physics that is realised by interacting particles occupying Harper-Hofstadter bands with |C| > 1. We formulate the predictions of Chern-Simons or composite fermion theory in terms of the filling factor, ν, defined as the ratio of particle density to the number of single-particle states per unit area. We show that this theory predicts a series of fractional quantum Hall states with filling factors ν = r/(rC + 1) for bosons, or ν = r/(2rC + 1) for fermions. We construct specific cases where a single band of the Harper-Hofstadter model is occupied. For these cases, we provide numerical evidence that several states in this series are realised as incompressible quantum liquids for bosons with contact interactions.
Recently, there has been much progress towards experimental realisations of topological flat bands, such as by light-matter coupling in cold gases [1] [2] [3] [4] [5] [6] [7] or via spin-orbit coupling in condensed matter systems [8] [9] [10] . These systems provide novel avenues for exploring fractional quantum Hall physics in new settings where lattice effects play important roles [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Furthermore, these "fractional Chern insulators" generalize the fractional quantum Hall states of interacting particles in continuum Landau levels to lattice-based systems.
In cases where the underlying topological band has unit Chern number, C = 1, the states can be continuously connected to conventional fractional quantum Hall states in the continuum Landau level [18] . However, if the band has Chern number, C, of magnitude greater than 1, no such continuity is possible. The fractional quantum Hall states have features that are particular to the lattice structure. The appearance of fractional quantum Hall states for bands with |C| > 1 has been demonstrated in various lattice models, typically involving additional internal degrees of freedom or an extended unit cell with several distinct sublattices. In particular, this has led to the proposal of sequence of states at filling factors ν = 1/(C + 1) for bosons [19] [20] [21] [22] .
In this paper we show that this physics of interacting particles in the novel Chern bands can be captured for the Harper-Hofstadter model without additional internal degrees of freedom. This model leads to a complex energy spectrum as a function of flux n φ = Φ/Φ 0 per plaquette. The low energy bands can have Chern numbers larger than one. We show that they can realize the sequences of fractional Chern insulator states for |C| > 1 discussed for other models, providing an interpretation of these states in terms of the composite fermion construction on a lattice [13, 23] . Based on these insights, we identify another sequence of fractional Chern insulator states with filling factors ν = r/(rC + 1). We show numerical evidence for this sequence from exact diagonalization studies.
The Harper-Hofstadter model has recently been realized, at least for weakly-interacting particles, in experiments on ultra-cold gases [2] [3] [4] . Further realisations have also been obtained for a triangular moiré lattice in graphene flakes deposited on boron nitride [24] [25] [26] . Our results demonstrate that, under suitable conditions (particle density, flux density and temperature), these systems have the possibility to explore a wide range of the novel physics of fractional Chern insulators.
The rich physics of charged particles in a twodimensional plane subjected to a perpendicular magnetic field B and a periodic potential, or physically equivalent models emulating this scenario, arises from its two competing length-scales: the magnetic length 0 = /eB and the lattice scale a. Hence, the problem brings to play the commensurability of these two scales, as first analyzed by Harper [27] . The resulting fractal structure of the single-spectrum was revealed by Azbel [28] and the full spectrum solved numerically and characterized by Hofstadter [29] . As shown by Wannier [30] , the Azbel-Hofstadter recursion relations imply that the total number of states per unit area n s below each gap varies linearly with the flux density n φ , and further that their relationship is described by the Diophantine equation
The work by Streda [31] , as well as Thouless et al. [32, 33] explains the physical relevance of Wannier's result. For non-interacting fermions, one expects incompressible states at density n = n s , with Hall conductivity given by Streda's formula as
Thouless et al. derive the Hall conductivity by direct calculation from a Kubo formula, obtaining the integer quantisation from the topological nature of the resulting expression, namely that C = C i where C i is the Chern number of the i-th occupied band [32] . Thus, the integer C in Eq.(1) is seen to be the net Chern number of the bands contributing to the n s states below the energy gap. Solutions to (1) exist for any C in which n s arises from a single band (see below), establishing the presence of bands of any Chern number in the Hofstadter spectrum (albeit with rapidly decreasing gaps for large C) [34, 35] .
To realize the non-trivial Chern bands of the HarperHofstadter model, it is sufficient to create a tight-binding lattice system with complex hopping elements between nearest neighbour sites, a fact exploited for realizations of the model in cold cold gases [2, 3, 6] . From the analysis of the magnetic translation group [36, 37] , it follows arXiv:1504.06623v1 [cond-mat.str-el] 24 Apr 2015 that at a rational flux density n φ = p/q, the HarperHofstadter Hamiltonian admits a periodic representation on a magnetic unit cell (MUC) comprising q sites, i.e., an area enclosing an integer number of flux quanta and an integer number of plaquettes of the lattice. The singleparticle Hamiltonian then takes the tight-binding form
in which the phases φ ij are invariant under translations of the MUC. (The choice of the MUC and the vector potential A make up the remaining space of gauge choices.) One can therefore consider the q sites of the MUC as sublattices α = 1, . . . , q of a general q-site tight-binding model and solve via Bloch's theorem. Note that the origin of the MUC can be chosen on any site of the lattice, so the problem has an additional q-fold symmetry. We give an analysis of the single-particle properties in Appendices A, B, taking care to respect this symmetry [38] .
To search for strongly-correlated phases, it is useful to identify situations in which there is a manifold of low-energy single-particle states (one band, or several closely spaced bands) that is well-separated from higherenergy bands. For now, we focus on the case in which this manifold is a single band, with a large gap to the next band. The largest gap in the Harper-Hofstadter spectrum corresponds to the lowest Landau level, with C = 1, D = 0. Here, we seek more general states, and consider the next-largest gaps found at the first level of the Hofstadter hierarchy. These appear in the vicinity of cell boundaries close to the simple rational flux densities n φ = 1/Q, where the energy bands become exponentially flat in terms of both their energy dispersion and their Berry curvature. Hence, these bands are well-suited to support incompressible fractional quantum Hall states [12, 13, 39, 40] . The gaps near points (n s , n φ ) = (0, Q −1 ) are described by the Diophantine equation (1) with C ≡ Q, and D = sgn(Q). We are particularly interested in cases where we find a single band below this gap, i.e., where n s (n φ = p/q) = 1/q, and thus q = Cp ∓ 1, with corresponding flux densities
The ∓ sign applies to cases with n φ ≷ 1/C. Below, we take p > 2 to ensure that the band belongs to the subcell nearest n φ = 1/C. We will also consider higher band gaps at the same flux densities, which can be seen as fractal replicas of the r-th continuum Landau level, for which
We now discuss the many-body physics of interacting particles in the Harper-Hofstadter model, described by the Hamiltonian
with site labels i, j, and :n : denoting normal ordering of the density operators. Let us first review the predictions of Chern-Simons theory [23] , or equivalently the lattice composite fermion picture [13] , and translate these results into the language used for the analysis of Chern insulators. The basic premise of this approach is that the interaction includes a sufficiently strong short-range repulsion in order to favour "flux attachment" which keeps the particles at a distance from each other, thus minimising interaction energy. The composite fermion Ansatz translates this idea into a trial wavefunction of the form
where both the Jastrow factor Ψ J and the composite fermion wave function Ψ CF vanish when the positions of two particles coincide, and P LEM denotes the projection onto the relevant low-energy manifold of single-particle states. For the case of bosons (fermions), one needs to attach an odd (even) number k of flux quanta to the particles, so as to obtain an effective problem of weakly interacting composite fermions (CF) experiencing an effective flux density n * φ relating to the externally applied flux via
If the CFs behave as weakly interacting particles, they will form incompressible (topological) insulating states when filling an integer number of bands. Their bandstructure is given by a Harper-Hofstadter Hamiltonian with flux density n * φ . The densities n * s at which filled bands are realised are therefore given by a Diophantine equation of the form (1) for the composite fermion system, n *
In composite fermion theory, one can explain the fractional QHE as an integer QHE of composite fermions [41] , and for the lattice case one thus predicts incompressible states at n = n * s . Hence, with (7), we find
Choices of the parameters C * and D * for the composite fermion gap yield various candidates for incompressible states in the spectrum, given in terms of density, as illustrated previously as Fig. 1 in Ref. 13 .
In order to relate the densities (8) to the "filling factor" of FQH systems there are several choices that can be made. One choice is to consider the ratio, ν φ ≡ n/n φ , of particle density to flux density, which is natural in the continuum limit, n φ → 0, where the bands of the Harper-Hofstadter model reduce to continuum Landau levels. More generally, and to allow connections to fractional Chern insulator models, the natural filling factor to consider is the ratio ν ≡ n/n s of the particle density to the number density of single-particle states in the low-energy manifold (e.g. the lowest energy band if this manifold is a single band). We replace n φ in Eq. (8) via (1) and obtain
In general, all parameters {k, C, C * , D, D * } contribute to determine eligible states. However, as we now describe, for some important cases the ratios equal, and the states can be characterised by a fixed filling factor ν = n/n s .
It is instructive to consider special cases. Firstly, the fractional quantum Hall states in a C = 1 band are recovered by choosing the manifold as the (lattice equivalent of the) lowest Landau-level (C = 1, D = 0), and taking general integers C * = t, D * = 0 for filling composite fermion states in the t-th Landau level. One recovers the usual Jain-series of states ν = t/(kt + 1). (In this case, n s = n φ , so the two definitions of filling factor coincide.) Secondly, we can take both the CF bands and the effective low-energy bands in the same subcell of the Hofstadter spectrum, close to the flux n φ = 1/C. As a concrete example, consider the gaps (5) and choose to fill r bands of composite fermions such that C * = ±rC, and D * = ∓r, and choose the lowest band C = ±C, D = ∓1 for the manifold of single-particle states. We obtain states with filling factors
In general, the low-energy manifold supporting these states will have many bands, but in the cases (4) this reduces to a single band. The sequence of filling factors (10), valid for any Chern number C = 0, is a core result of our paper [42] .
Several remarks are in order. The case with r = 1 can be seen as an analogue of the Laughlin state, in the sense that a single band of composite fermion states is filled. From the previous studies of the Laughlin state on the lattice in a C = 1 band, we can infer useful intuition on the likely stability of such states. The Laughlin state was shown to be stable up to flux densities n φ 0.4, i.e. it persists through 80% of the region in which a gap is open [43] . Likewise, the ν = 2/3 hierarchy state was seen to be stable up to n φ 0.3 [13] . In the case of the states stabilised in subcells with |C| > 1 bands, we note that the bands tend to have less dispersion, albeit maybe larger fluctuations in the band geometry. By analogy, the family of states (10) can be expected to be stable at a substantial distance from the respective cell boundaries.
The reader will note that the prediction of composite fermion theory (10) includes the Abelian states at filling factors ν = 1/(kC + 1) that have recently been described in studies of Chern bands with Chern number |C| > 1 [19] [20] [21] , for both bosons and fermions, and which were described in terms of C flavour states [12, 22, 39, 40] . The derivation presented here demonstrates that these states are predicted also by the concept of flux attachment [23] leading to CF wavefunctions of the form described in Ref. 13 . While the Cflavour/multilayer language appears to require C copies of a C = 1 Brillouin zone, implying finite size geometries with a number of states N s mod C = 0, it was shown that a color-entangled formulation remedies this constraint [22] . Note that the hierarchy wave functions following from the CF construction [13] similarly do not require any constraint on the lattice geometry.
The composite fermion theory makes a more general prediction, in that it does not require that the single particle states making up the manifold n s are from a single band, as n φ can vary continuously in (9) . Indeed, perturbing a stable quantum liquid formed in a singleband configuration by an infinitesimal change in n φ , the low-energy manifold splits up into (possibly infinitely) many bands, but we expect that the physics of the phase should be robust under this perturbation, providing a notion of adiabatic continuity that allows us to connect any band to the limit of the perfectly flat general Chern bands obtained as n φ → 1/C (see Appendix C), in line with the behaviour seen in C = 1 Harper-Hofstadter bands [44] .
The filling factors (10) are analogous to the hierarchy states, which have been observed in Chern number one fractional Chern insulators [13, 45, 46] . Their properties, in terms of quasiparticle charges and statistics were predicted by Kol and Read [23] [47] .
The limit of filling many CF Landau-levels, r → ∞, which represents the equivalent of the half-filled Landaulevel, converges to
At these points, the composite fermion spectrum resembles a Fermi-sea, as the band-gaps between the composite fermion levels decrease as 1/r and evolve into a quasi-continuum. In analogy to the half-filled continuum Landau-levels, one may ask whether this filling can be susceptible to the equivalent of a CF pairing instability, or possibly more exotic states. In the C = 1 case, the possibility of a Moore-Read state at ν = 1 is well known [48] . For the C = 2 band near n φ = 1/2, such a phase has been described in a related continuum model [40, 49] , though the model does not provide a quantitative description of C = 2 bands [50] . A case that has not yet been explored is the Abelian series of states (10) . We examine the evidence for the presence of these composite fermion / hierarchy states on the basis of the band-projected Hamiltonian within the lowenergy manifold, focusing on the single-band cases (4). The corresponding Hamiltonian, H proj = P LEM HP LEM , can be studied in the same framework as other fractional Chern insulator models [15] . The residual dispersion of bands in the low-energy manifold could be of interest for studying phase transitions between fractional quantum Hall liquids and condensed phases of bosons or Fermi liquid like states of fermions, respectively. However, here we choose to neglect the residual band dispersion, particularly as it vanishes quickly as n φ → 1/C (see Appendix B). Furthermore, we focus on the case of bosons with contact interactions V ij = U δ ij .
Our numerical study shows evidence supporting the existence of gapped quantum liquids at several filling factors of the series (10). Firstly, states are found for the cases k = r = 1, where the predictions of the filling factor ν = 1/(C + 1) coincide between the composite fermion theory and the analyses in terms of Halperin multi-component [12, 39, 40] color-entangled states [22] . The state with r = −1 was discussed in Ref. [13] . Here, we present evidence for additional states, such as those with |r| = 2, with two filled composite fermion bands. In figure 1 A finite size scaling of the gap gives us further indications of the stability of these phases. Figure 2 shows the gap scaling for several filling factors in the same C = 2 and C = 3 bands as above. All systems we examined show the expected ground state degeneracy. In both bands, the largest gap is found for the r = 1 state of the series (10) , while the r = ±2 states have a slightly smaller gap in the finite size systems. The extrapolation to the thermodynamic limit is consistent with a non-zero gap for both the r = 1 and r = ±2 states for C = 2. Data for the C = 3 cases are both noisier and include fewer system sizes. Nonetheless, the results are consistent with a non-zero gap. In addition to these ground state properties, we have examined spectra under addition of "flux", i.e., under changes of the system size at fixed particle number. In these cases, we find low-lying bands of states consistent with an interpretation as quasiparticle states of an underlying quantum Hall liquid. We leave the detailed analysis of these spectra for a future publication.
In conclusion, we have translated the compositefermion or Chern-Simons theory into the language of fractional Chern insulators, leading to the prediction of a series of states with filling factors ν = r/(krC + 1), for bosons (k = 1) or fermions (k = 2). This includes the series of states ν = 1/(kC + 1) that were observed in the literature on FCI for |C| > 1. We have identified flux densities where a single isolated band of Chern number C occurs at the bottom of the Hofstadter spectrum. Finally, we have studied the many-body states of bosons with contact interactions under the projection into these Chern bands, identifying gapped states with the groundstate degeneracies predicted by theory. While previous evidence had been given for the bosonic Chern insulator state with r = −1, C = 2 [13] , which was obtained for a hard-core interaction and without applying a band projection, the current results provide evidence for the wider applicability of composite fermion theory, and its validity also for the band-projected Hamiltonian. Our results can be extended to general |C| > 1 bands in other tightbinding models, and to the effective continuum limit n φ → 1/C via principles of adiabatic continuity (see Appendix C). Further investigations should focus on the stability of fermionic states, the role of long-range interactions and the detailed analysis of the ground-states and excitations in terms of the composite fermion trial wavefunctions.
We acknowledge useful discussions with Antoine Sterdyniak, Nicolas Regnault, Steve Simon, Zohar Ringel, Benjamin Béri, and Thomas Scaffidi. As stated in the main text, the Harper-Hofstadter Hamiltonian can be written in a gauge with explicit periodicity given by multiples of the lattice vectors {v 1 , v 2 } of an underlying periodic potential. To this end, we require a pair of magnetic translation operators T M [51] that respect the translations of the lattice, i.e., we seek
and we choose l i such that the area swept by the translations encloses the smallest possible integer number of flux quanta N φ . The cell can take geometries satisfying
where l 1 l 2 = q and N c φ = p yield the target flux density of n φ = p/q. Solutions to (A2) provide a "magnetic unit cell" (MUC) for the Hofstadter problem.
The phases φ ij in the single-particle Hamiltonian (3) for a given gauge take the explicit form
where δφ ij encodes the additional phase factor generated by the magnetic translation operator (relative to canonical translations) for any hopping terms crossing the boundary of a MUC. For a given MUC with translations {l i v i }, the entries t ij exp(iφ ij ) of the single-particle tight-binding Hamiltonian are periodic under canonical translations of the MUC. Hence, the many-body Hamiltonian can be simulated on finite-size tori of size
MUCs. For the Hofstadter model in the square geometry, we also denote indices i for l i , L i by the corresponding coordinate directions x, y. For our studies of the many-body Hamiltonian under band projection, we focus on the single-band cases (4) and retain
Note that the total number of sites
N s , allowing for a large reduction of the corresponding Hilbert-space. The total particle density n s is small, hence band projection is expected to be valid even for strong repulsive interactions. Indeed, the states of the r = −1 series were found to be stable for hard-core interactions in Ref. [13] .
Appendix B: Properties of Harper-Hofstadter Bands
The Harper-Hofstadter bands are generally weakly dispersive, particularly at the extremities of the spectrum. We display an example spectrum in Fig. 3 , for the case of n φ = 4/9 given in Harper's gauge of an l x × l y = 9 × 1 magnetic unit cell. On the scale of the entire spectrum, the dispersion is negligible (a), while detailed examination reveals a residual dispersion, which carries a qfold symmetry along the extended direction of the chosen magnetic unit cell (b). Owing to this high symmetry, the Hofstadter spectrum is well suited to illustrate a subtlety in calculating the Berry curvatures [38] , two versions of which are shown in panels c) and d) for the lowest band. In the former case, we take Fouriertransforms with respect to the position of the unit cell, defining Bloch functions in reciprocal space viaũ α (k) = N −1/2 c R e ikR u(R + ρ α ), with sublattices labelled by α at sublattice offsets ρ α and origins of MUCs denoted by R. From these Bloch states, we obtain the first of the Berry curvatures, B UC , shown in panel c), which breaks the (translational) symmetry of the problem. Taking the canonical Fourier transform with respect to the site position, with u α (k) = N −1/2 c R e ik(R+ρα) u(R + ρ α ), we obtain the Berry curvature B shown in panel d), which manifestly respects the translational symmetry of the problem. These findings illustrate the general view that the position of sublattices in the unit cell must be taken into account in calculating the Berry curvature, as physical properties probing B derive from the canonical position operator [38] .
In Fig. 4 , we demonstrate how the Berry curvature of the Harper-Hofstadter bands becomes perfectly flat near the points n φ → 1/C. We show that the extremal values of the Berry curvature approach the expected average value exponentially in the parameter p of Eq. (5) There are two different kinds of adiabatic continuity which are relevant in the context of the Hofstadter spectrum.
Firstly, we note that the composite fermion theory incorporates an inherent notion of continuity for both n and n φ in the definition of preferred densities, and thus of the many-body spectrum under changes of these parameters satisfying (9) . The prediction is that a system in which the low-energy manifold consists of a single band should manifest the same topological order as a system nearby in parameter space, in which n φ is an irrational number, and this manifold fragments into infinitely many bands. In this sense, band filling is not the most useful way to analyse the problem. Rather, the useful number of states n s to consider is contained within the (ensemble of) band(s) below a distinct gap in the Hofstadter spectrum. In particular, this sense of adiabatic continuity allows us to change the flux density gradually until ∆n φ is small, and the effective magnetic length becomes large. This yields an effective continuum limit, providing the equivalent of a Landau-level with Chern number C, in which both the band dispersion and the band geometry are perfectly flat.
Secondly, we can use the predictions of composite fermion theory to infer the behaviour of general singleparticle bands with Chern numbers |C| > 1. In most models of Chern bands, we fix the number of sites per unit cell, and hence the number of bands as the elementary input for the problem. Focusing on the cases where the low-energy manifold consists of a single band, the theory for the Hofstadter model predicts FQH states at the band fillings (10) in bands of Chern number C H for the Hofstadter spectrum. As in the case of Chern number one bands [18, 22, 52] , one can construct a sequence of many-body Hamiltonians that adiabatically deform the single-particle Hamiltonian of a suitable Hofstadter model to the corresponding Chern insulator model, as long as the Chern numbers for the relevant bands are matched C = C H .
For the case of C = 1, we see that the adiabatic connection to the problem of continuum Landau levels [18, 22] can be constructed also in the Hofstadter model, as the deformation within the gap C = 1, D = 0 yields the continuum limit for n φ → 0. The continuum limit is attractive as it provides a flat Berry curvature, which is believed to be optimal for the stability of Chern insulators (see e.g., [38] ). More generally, we can take effective continuum limits to perfectly flat |C| > 1 bands at the points n φ → 1/Q. These points are analogous to the n φ → 0 case in terms of their large MUC, and their perfectly flat dispersion and Berry curvature. Note that a perfectly flat Berry curvature can also be obtained for finite size systems of square geometry [53] . Alternatively, general Chern bands can be connected to bands at finite ∆n φ ≡ n φ − 1/Q by pursuing a strategy of embedding the target model as a subset of a Hofstadter lattice and then adiabatically tuning the respective bonds [52] .
Appendix D: Ground-State Degeneracy and Quasiparticle Properties
For the sake of clarity, let us briefly re-state the results by Kol and Read in our notation. Following their work [23] , the Hall conductance σ xy and quasiparticle charge e * qh follow simply from considering a Laughlintype thought experiment of flux insertion for the composite fermions. The Hall conductivity C * of composite fermions (the σ mf xy of Kol and Read) follows from the application of the Streda formula to the composite fermion system. To transport a composite fermion, one needs to insert not just one flux quantum, but one also needs to supply kC * additional flux to compensate for the gaugeflux attached to the particles in (7) . Again, from Laughlin's argument the quasiparticle charge also follows, leading to Kol and Read's results [23] σ xy = C * 1 ± kC * , e * qh = 1 1 ± kC * .
Finally, their Chern-Simons theory yields the groundstate degeneracy d GS and statistics angle δ qh for the (Abelian) statistics of the quasiparticles as
As an immediate consequence of these relations, we see that the many-body Chern number of the d GS -fold degenerate ground-state manifold is equal to the Chern number of the composite fermion gap C * . This matches the result obtained for a state with C * = 2 in our previous work [13] .
